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1[ h, : /i, and 7-; : ]i (Ir, + Irr) th;s last equatir.rn trcc,,rncs
't- 'F

r ; z  -  - L  
L i z - -  r i t

v  -  < ' P r
I

If th.is approximate fortr'.rla be
as computecl in $rr, r.:e have

I r  -  caar ,  r rn te rc  I, ' 1  - ' " - . , ^ - - ' ^ "  I

7, .  -  Trr :== ,o I  u ' l icnue I /  :

T;  :  a6t  .63"  )

applied io the preceding e:{.1rnple

14.82 meters per second.

Cueprun I I I

] \ IDTHODS OF CO\IPUI ' I \G THP 4l" ! ILARLD I i INETIC ENERGY FOR A

I IASS  OF  A IR  T i IAT  PASSES ADIABAT ICALLY  F I IO } I  ANY G IVEN

INI ' I ' IAL STAGtt  INTO l 'H; tT OF DQL;ILIBRIUIf

$(r;) I-et tbere be gir-en a Inass of clry air, bounded bv the
hoiizontal gr"ound 1,1ane ancl velticai rralls, that is, init iaily at rest
but not in ecluihi-,r'irrn-. \\ie assume an initial condition of rest in
ordcr to be able io nrake rrse of the eq'.rs.i ion (n) of the preceding
chzrpt,:r, '  ju r,r,-r coil lutation of t i ie l,c,tential energlr. We assume
furthernrcrre ti lat that portion of the nrass that is eibove the 1eve1
surface /t. is alreacly initially in e yuiliblium, anrl that cluring the
changes that occul in the lorver portion of the n1ass, this tlpper

l lar t  acts l i l re  a p is tou of  coustant  n-e ight  2r .B rvhele B is  the area
of thc base or of an_r' lrolizonl.ai section.

Using a r iu l : : : l ic rn l r . r ra ic ,gorrs to l l ra t  of  $r3 l re noi ' ,  har-e as bcfo l 'e
the follot' irg eKpressioli for t ire potential cnergy corresponding 1o
tire positir:n of ther colunrn i-rf ail abor-e the surface element dB

I  t 1

' , I  t  i r i ; ;  : r  I  , ;  , '

l i , : , ; l i i ; i i  , , ; r

t '  :  ; , , ,  1 '

,  r l : ,  \ r . ' i
t  

' , , ' ' r , r )

i ;  i  ;,

i ' i l l ' '

\Yhence follorvs the Ffor the ., i 'hole mass
the level surface at the altitucle lz

I
h)  ?n l

from the glound up to

( c h
dP : d.tJ I J" pd, + (?. -

I
P-Ja ! "oOaI l t l t : i -R{z

:R f rd r t

f- h) ?t. : ) pan -F Constarrt

* Constant.

Similarly for the init ial stage ri 'e obi:ain



s62 S T I I T I I S O N I A N  } , { I S C E L L A N E O { I S  C O I , I - D C T I O N S v(J r,. 5 r

The coustat r t  on the r ig i r t  hand is  the saine in  both t l ie in i t ia l ; i r r , l
finai stages.

In the case of ;ru arl iaLatiu passage from the init ial or.er. 1o l irt.
f inal stage tire tenrperaturc I of t lte clementat'1. trtass dll. ber.,,r;1,.
T,  awl  t l re  tota l  1r1t_6,r r l i . r1  r . " r . r .sw of  i l re  r , . l to lc  1r taSS be( ,o l1rCS. , . . , " , , " , 6 J

(F I r)" : c, f 7t d,n't' -f constant

Flence the avar'.1a1,rle l<inetir' 
"n""r*r. 

in tlie irritial stage is

$(za) Fr:r$ ondiylis. 7' lw itt i l ial stGse. Tl.re rnass of ail irr t irc
charnber r of ortr 'f ig. i is in ueu'ulal equil ibrium, anr1 S, is t l ,c
entropy of the unit of rnass. Similarlf in t,he charnber z i l te rLir hiLs
the salle volulle birt a higirer enirolrv, S,, aitd is in nerrl.r'rrl
equi l ib i iurn.  T l rc  l '1 'o l ) lcm is  r r l ro i l f  i ina logor ls  to tJraf  t :c ; r l r : ,  I
t i l ' e v i ' ) 1 1 s ] \ r .  r r n l r ' t l r e  l t t a S S  l t r r . i n g  t l r c  s t r r r l l o r . r ' r r ' 1  r . o n v  j r { , \ \ '  l i { . . :

alongside the othel and not abor:e it.
' I 'he given clata of t lrc i,resenl plot,lenr are: The tenrper{r1,1u'r ': i

' I '0,and 
77," at the altitr icle /l and the vall les B,'h, po. Fr',rtn thcst

lre finc1 'che follon-ing init ial teruperature ancl pressrrres at t ltc i-rlsc's
of the trvo masses.

rr, :" i;r (r +

7-o, : 7-t,

Y o 1  
-

I ' o 2  
-

Fronr these rurtl eqnation (So) c,f t. lLc pleccciing cliairtcr', sccl.iott .:t,.

there results

', 
{t 'r, Pu,- T'n,12n 4' 7'orfu,

- Tnrlrt ) 
-i- Constant.

TI rc  f .nol  s |age.  ' l1re rnass r 'c i f  h ighe: :  entro l ) \ 'nc) \ \ 'occ l t l t j t 's  t l r ( '

upper pal't rrf t irc rr.hol* voltt lr ie of the trorigh, the mass r irri l trr;1

- d tF + I) : c,J c -- rt) d.nt
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lou'el entlopl- is sepa.rtecl f lom it b)' the iel 'el suface.l; at this level
tlre tetnperatrrre changes sucldenly lromT';, to T';". Dach of the
t\ ', 'o rttasses is individrrirl l ,r '  in rrcutral crluil ibriunr. At the upl)cr'
sru l f i rce of  z ' the | ressr l l 'c  is  2r , ,  corrseqr icnt ly  the le tnperature is
Tor. Since the entlopies .S, ancl .S, reniain unchanged tliereforc
tire values of rire pressures at i ancl at the base (p', and p') al'e to
bc comprrted flom thel'eight of the mass alldthus r-, 'e completely
knorv the fina1 stage, as follol-s:

. Loeation.

At the uppel b,-.,rrndaly2'

At  the sur facct , f  separa-
tion i betrveen the
n' tasses 2 '  ar id  7 '  .  .  .  .

At the base level rve
hai 'e .  .

\\re thus obtain all
fol the total energy

(P+r ) . : cp

Pressure.

Pn

Pi :  pn* t (P , " -  ?n )

P ' o : P n * * @ o r - P n )
* b U > o ' - P n )

Temperature.

Tu,
/  h t .  \ K

T i r :  T k r (  2  )
\ p n /

'rt -. '7-
' i t  -  ' h r

r[ : To,

(ou\-
\ . P n /

( !t-\-
\ ? n /

t
i

I
I
I
I

I
I{
(
t !
I
i

I  1 * x
B \T'o p'o - T;, p, + t-i, p'o -

- T n z P d |  * C o n s t a n t

excerpb only tire arbitrar.-,- cr:nstant t'hich tvill itself disappear rvhen
the clif{erence is taken.

\\re assume that the avajlable kinetic energl-, r ' i2.,
a - d(F + r) : (P + r)" - (F + r),,
belongs specifi.cal1v to the rnass l i4 belou' the piston, and that this
tlrerefore miry Lre l'ritten 1z Xll,t=.

t hc  quan l i t i es  t he l  cn te r  i n to  t he  exp ress ion
of the fina1 stage

simultaneousiy
e11ergy. Since

In fi ' ictionles;s rnotion if t irc f inal stage be attained
by a i l  the r rnsscs,  then $1. 'e  is  thei r  avel 'age k inet ic

is independent of the area of the

t.rasc.
Finallir rve colnpute the heights of the strata z, anrf z, from the

tcnri,'r:ratures by the fnrrnulae

ut : B (t" 
i",) 

thererore V

,-, :7 (r,o-i- ' i  ,: :9i (7-,i"- rn)
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Exampie r. Clivcr-L /z : soc,o Lletr:r:s; ?t, : Srott'o t.ilc1.q.t,l.-\'

Tnr: 243" Tn, -- 245"

These data aird the quantit ies compute.i frorri t l ierl for t ire
a:r . r l  f ina i  s t t .ses are a i ' rangcd i r r  t l te  fo l lox iug labt l i r r  f , .u . r :

: i t

r 't'
r h 7

l 0 1

. . + J

c ,  c  R o o a o

,-;t 
-ii

\Y 
-l '  I. i .r

Initial s.rage

lr - 3ooo nreters

p r , : 5 l o r , , , r ,

?ot =- ,/ Sg r9,3c | 4.,..,-:r 47.,, i1tr.t

f' .1

l l  . i , X l t : . ; i { i s
g  1 + r r  - "

7';., =" r4Eo
T ̂ . ,  . '= ,r ,  . f r , r , ,

* Ccrrtsiant

s \ 2
the ri
entl'ol
i  c  r r a r

Sin
aclialr
'.yheir

z t .

B, ar
l +

hari 1
reiatr

I

*  t r1nrrm-  u r w

:  6 3 i . 7 3 1 i l

__  ? r -n  : 2nn

C^
i P + I )  : - g

1/

Erarn.pie 2

Tr ' :  243"

Eratr.l:le 3

Tn' -= 213"

Erat i : ,2le 4

Tn. '= 2L"3"

Fiti.i slttgc

|  7 'or :  24ga I
{ : '- i  h'. '- iaiu3.2 rirrters.
I  r i ,  : 26s .9205  j

f  r i ,  : 258 .6055  1
1 . i t; ' '  i  3'J: . i l  inetcri.
| 7.;, '= 272 .50)i, )

,  . l j .  . t ;  Y  l { l ? . ? 1 ? 7  - : -  C r l r s t i , r , . ;

1  .41 { }  . t j47 I
L L t z = . C .  ) ( -  -' '  - p t . 6 2  

0 . t s S ( )

-  12. : }  l t rc lers lcr  :ecot : t i . .

lr .= lltl00'" lr : i10'o*

1'nz :, 253o 1'heit,:e i' : 17.:3 mf sct"

,; == 0ii00"' fr, : 325--

7-t,e =" 21., ' j t '  ' ,vh{,ltcc I, '- 18.3*if sec.

ir == tlliCC'c , pn :. J25!r1n

T ;,2 : 22ij" rulrelt ct, trl .= 25 .8 tn f sac .

Sird
cha::
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?;

r o IIea
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' t 1
! 2  |

Tlr
r o i

f o
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!(25) .Secoad analy-si5; approxjrxate methocl for the case $'he11
tlre rnasses r aucl z are e;ri:h init i;L11y in -stable equil ibriurn and Lhe
cntrop1'of t lre highest layer of r is snraller than that of the lorvest
1a1'er of z.

Since it is again a-csrrmcd that evei'y partir: le of the rnass beliaves
atliabatically, therefore the lrryers in r retain their relatir-e positions
r"'hen they trer:ome r/; sinti lar' l , for the lar-ers of e n'hentir€):becorne
zt. \\re rvj11 designate lhe aleas of the floors c',f the chambers by
B, and Pt, so tbat 13, + B, : 3.

Il pt, is the prcssure in the fina1 stage clf any layer of r/ thich
iurrl the pressure prwhcir itrvas in t'[re initial stage, then ri'e have the
relation

,B ,B ,B ,
h  ==  t t ,  - l -  ' ( h .  -  / r , )  +  - - - : ( t \ - -  - . r r . )  :  h  J - - - : ( . h  __  " ' , \t ' 1  r ' t L  '  

B \ t i  
j h /  r  

6 \ t 0 z  
t t r t - t ' r  I  

I J \ ( 0 ! - -  
y i )

Sirnilar-ly when p', a.nd .p" refer to another equal mass in the
clintrrbers zt and z in 69. r l'e have

llence tbe temirelatrrles 7'', and Tt2
strlg€j are to be conputecl fi'orn their
I, b1' t ire following equations:

D
,  I ) ,

h ' :  h .  - J -  
' i n  

- + ' . , )
12 t  t .  I  

fJ 
\ r ' ]  t ' t ,

B,
P, -E( .P , -P) .

of these nasses in tl ie f inal
initial ternperatures 'f, 

and

T :
I

, ' , ( L ) " : , .  ( ,  n *  
t ' 0 " -  P , \ t t

' \ . P r /  ' \  b  P ,  /

^ / ,  B z  P u " - P r \-  , ' ,  
\  

t  +  r f  . -  
i - = / a p p r o s i m a t e l y .

/ n ' \ r  ^ { .  B t  P r - P n \ , tT ' t r l : - - 2t 2 +  , r \ h l  *  ' , \  r  - E  
p ;  )

- ( .  B t  P r - P n \- , r \  t  -  nE. = 
pr.- '  r f  

approxirnately.

;rn" 
"rrrrro*irnate 

foirnul;e hold goo.J for eyery pr alii prrvhen
fo, - Pt is sma11 relative to /r,.

In the com.lrutatiou cf 1.hc integrals lhat occrrr in the exirression
for tlie avail:-r1.,k: Line';ic enelg)' rl'e tai,:e ili,1'ers of r a1d z as tire
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r--i::rentary masses and therefore by nrahing use of the eclu;rri,, ir
,... '  $ 13 v.e have

dntt :  -  3,

S:: :rstituting hereafter

d'P'
o
b

only

sh_ R

g h
1)

call barc
relaticn:

r o l  - '

i '02 --

In the sr
the terr
Tiith tl

Norv

T)F -- 1

* Tire

'l'7. -

1-)IaSS-!'e

( r -
the ba

whenc,

dnr r :  -  BrgL
b

approximate values rve obtain

,  
f  C . _ 7 , \ ,  

K  B , B , ( o o , _ p , , , _ p ,

J  .  ,  - ( d n t t :  -  
g  B  J  r o t t  O r - - d P ,

f  , ,  P a  I

I tr. _ r, l , R BrB, fr,, r. pr_-_fu r,_
J , .  / a l | t z : * g .  B  J r u t ,  

- h  o P ,

\\ir :na}r remark that altlirtugh in the clevelopment of the binonru,l:;

r'. 1' f isf isrl5ly retained only the telms oI the first clegree in?! 
- l't'
pn

]e:  on account  of  the l i rn i ts  of  these def in i te  in tegra ls ,  thel 'ar -c
r]"'.".rrate to terlns of the second degree.

i-rom equation (n) there results

( 'Po '?1  .  fPn , l ' ,  f o  S  gh

J ,o;do ' :  )  "uEoP' :  ) ,  od '  :7

' it xre introduce the avelage temperatures Ir* ar'd Tr* of thc
r:i..:,{ses r and z as determined bt' the equations

f not

? ' , *  (Po ,  -  P , )  :  l ' [ r aP r ;
J P h

for the above integrals

Tf (Po, - P) :
f Poz

I T', d r,.,|  -,  - '  -

rve i lms obtain

J ,t,- 
ri) dru,

Irt',* 
z',) d.ru,

x  B B  (
: g ' ' B ' l T ' t ' ( P o ' - P t ' )

x  B B  (
:; ' -u- 

t T'f; (P'-ttn\

P"rj

P^ )

Tltcse expressions may be still ftrlther sirnplified if 'n'e introtlrr, c
otirei average tetnper:Lturr:s O, and C), rrhi,, 'h fcir t l istinctitrn I 'e r '. ' i l l

I

I
I
t



r " 5

, ! l  t ; . ,

-  
i : . . ,

" ' .  
r :  t , i r ' ; ' i t t

, t  r r

^ l),
r l  l ' . ,

i ' I

i  r - . r f  t l r c  [ r i r r , , l i . r  .
. h

.legrcr. ll) : -

f ' .
L "

r  t  cgr l  ls ,  t  l r r ' r  . .  :  .

g h

1' lnrl 7',* 1;1 i 1 ,

( '  i r a
, r . l :  I  l '  . l t ,t i t  |  ' 2 " i :

t l  t ' h

t -

i i  *

I  i f  r  i t t r c / ( i u , (
l istir it '1ion 1\'c , r::

,1 l
li- t'" J

sh l-Th l
I \  

)

.  
ON  T I IE  ENERGY OF  STORMS- I IARGLTLES 5O7

call baromeiric temperatures as deiermineci by the balohypsonretric

relations*

sh 
. ( ,  *  ! ' l  * : (  :L ) ' )  ' no ,o* imate iv .p o t :  p n e v " ' :  P n \ -  ,  

R o ,  
,  

2 \ R o 1 r  z

o h  /  s h  1 / g l , \ ' ? \
poz :  p t  eR. ,  - tu(  r  +  i i " ,  *  ;  ( f ; , /  /  

ar r ros inate ly

In the serial development of these exponentiais \\'e have stopped at
tire'terns of second degree in accorciance rvith a preceditlg rernark.
With these values our integrals become t

f  K  B . B "  g h
I r ' r  - 7 " \ d n t  :  - ' - '  p t  .  

o  x
J ' r  r '  '  g  b

x l .r", i  _t_s, ( l --  i i \  ]
Lo ,  R \o "  2o : / )

f  K  B , B ,  g l t

) 
Q', - l,) t lnt ' ' :  - '  'B " 'Po 

7 
x

I  T,*  shr"x )* ia;-1+aiol |
Norv.in the ac:tual applicalions to our atmosphere the quantities

Ts - o are ahval.sr.erysnrali relativeto 4]. ltorthevalue h:3ooo

*The a is the base of the napierian logarithms.

t/  :  teurperature of air at al l) ' t i rne or place.

I't : true aver;rge tenlper.rttlre of a mass of air as determiued by the

mass-relation,

f'" ,'0,
T * :  

r ' P h  - '
? o - P n

O : Approxirnate average ternperature of rnass of air as deterrnined by

the barohypsomeLric relation

?o * pn roh/tto

whence

6* l t  :  Modulus X 
gl l

- ' P n  " R o

eh .  1
o : I{od. "r, - 

f̂ o'oE pli
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lneters this. cluantity is rozo and the difference betlr.een the t.nrc
average renrpelarure 7-'i' attcl the baromett.ic aYe|age ietnpe111111" 6
can only attain eo Ceirtigrade in e-rtlerne ( ases. Fcr srnaller valr.rcs
of. h the T* - o is aisc.r snraller. \Ye can lherefole irere substitrrte
I* for tire corresponding o ancl obtairr

vo l  .  5  r

I

C",  I  t . ' l - ,  -  T ' . ' . , l t t t ,
F t

cof  { r , -  t " , )

Finally b). rvritilg

R  I J t B z  
"  / g / , \-  -  

g  
-B  ' ' ' o \ d /

t t rr t , :  -  . IP* 
o,(r;

'(+-,i,)
)'r- t- )
/  \2T, ' t  /

Th
goocl
aPPr'
altitr

$(
cons'
man:
close
appl
muc
samt

\IJ

the
san]'
ceed
ther
n s  i

c1os,

rvhe
2 4 1

rvht
mo'

har

vol
I

avt
U I

I

hor
of. 

.

A L

(T*), : T;1T.*,
Tt' - Ti'

T'j'

olt

lJ tu .1. . ." . .  -_--  g.11 (approxirnalsl t ;
l \ l  " '

ri-e obtain tire foliorving erxpression fol tlie ar-rrilabie kinelit' enel'g)',

^ r, .-. JI1,'1 iII B, B,
o e )  ( 1  -  t ' )  d t l l :  - 2  -  

T  
.  .  

U r .  
g t r t .  -

I/ is ir idepentlent of the constants R and Cptliat t 'halacterjze the
physicai  pro l ' , : r ' t ies, , f  11le grLs.  l " ' r r 'ag ivenval i reo[  Blh isesplcss i t , r i

fol the avaiiable kineti c errelgr,' is glt'et est xlt en li, - B r : | 13,' rvJ rere-

fore u'hen tlte cirarnbers r and z hzrt:e squal r'olrtillcs tltetr 111s r.rsllrrritr,'

t >

1

V : - t , ' g h r  . . .  ( I )

This approximate methcd suffi<:c; comirletely for. the cases above
given as exarnples rrf orrr' fir.st rnethod cf computalion (see section
24). Since in the l iuri i; ing case neutral eqrri l ibriunt becoures stable
equil ibrium \re nlav also a.l",pl]r this rnethocl of conrputation to
those e-<arripies a1so. In the cot-,putation of T we nlay substitute
b (To + 271) for the :r','elage lenrJrelature. Tire valties of l/ corn-
puted by the approxirrrate forrnula filr thcrse f<-rur examples nor.r'
bccolne lespectivelt '

t
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The assrrn.ry.,tions of tLre airploximate comprttaticin do not hold
glcrod for /z - 6ooo metcrs; but sli l l  the final fc,rnmla gives verlr good

appl'oximate values; this is alscr trrre fol sy51snt. having sti1l greater
aititrrci es.

$(26) If t l ie oveltuiningc.rf the masses r and e takes place under
constalrt vollrme the cornputation procee,ls in a per-fectly sirnilar
mannel'. 'lhese masses considererl by tliemselves nolv form the
ck:sed s1'stern to rvlrich eqrration (6i- 't ') of section zo is to be
app1iecl. The clirninution of p rvi1l be greater thaa before and b1- sr-r
nruch smallcr rvil l  be tire diminrrtion of 

-1, 
so tltat rve obtairr the

same value of I/ as fo'r' the overturrri:rg under constant pressure.
We uray alsc., state tlre probleni t lrrLs: Duli i lg the overturning

the pi'essure at t ire nl-rJrer borrnilary s'.rlface changes but has the
sanre value throughciut ri i l  ps115 of this sru'face. lf the cirange i)l 'o-
ceeds so slol,ly tirat no appreciablc antount of kiaetic eiiergi' is
thereby produced, then le again obtnin the same equation (I)
as just norr- deducecl fol the r.elocity V. This is not a case of a
closed syst-erir. In 1r1ace of the equation (6*' i ') r-e norv ltave

aK+ (R) :  *a (F+T) -F l '  n , ,u , ,

u'here the fir'st tel"m on the right hand refers on1-.,. tothernasses r and
z and can be rvr-itterr in tl.re form

r  f  , --pt  \ .  -  7 ' ' )  dnr  *  B (1/  p 'n -  h pn)

r*hereas the second. term on the right results fi'om tlie srotion of the
tnovable piston. \\ 'hen y',, is constant the sum of these right-

hancl terms becomes C, I f, - T'')dnt. The case of constant

t,olume corresponds to l/": h.
\trre l-ill norv leave the tri.o charnbers system and comprrte the

available kinetic ener:gy in a special c'ase of continuousdistl ibution
of tenrDerature.

$(27) Third, anolysis. The init iai conclit i ,-,ns are a continuolls
h<.rrizoni:11 clistribution of teml'ierattrre antl a vertir'al diminrrtion
of  te tn l . rerahl re ( 'c , r ' l 'e . rpc, i t , l ing tu t l r r r t  r , f  ncul ra l  cqui l ibr i r rm.

\\re assume that lhe trr,ugh is a parallelrrpipetlon of air l iavirig
a unit breadth ancl a lr:ngLh I along tl ie lLcriztintal axis of e:, and that

569
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in t|e init ial stage tlre tentperatut-e of t l ie lorvest surface is a colt-

t inno,us function of the distgnce r f.rc:/m tire left-hancl end of 1he

trorrgh ; ther-efore the temperature at the point (n, l) is expfesse(i

bv the equatioit

T : f ( x )

If the f (r) increases from the ielt torvatrl the dght then the entrO|1'

u,i1l also t1o so, since the pressure p1 is again assr-rrned to be constarlt

at the leve1 /zl ireirce the entr-op,v is onlt 'a function of the di-stlLrrt 'c

r or the lengtir of the tr-ough and this is eclually true of the pressure

po, at the base level'

tt tir. mass oI air uncler the pless;ufe ?h passes over aCiabatically

into the conCition of eqrri l i |r i iurn, then a ]rolizontal la;'el is follr letl

froln each vei:i ical colrrlntt of the init irrl c'orlcl i i ion and tl ie nlt lsses

u.i11 nol'succerrd eac:h otber tlo:n belorv tt1;',r-alcl irr the same ortlcr

as thc), $'ere bef.rt:e arranged froril the leil tovarr1 the dght' l\

rnass originallV in a r-ertical cohimn at r lt:Lr,ing an init ial I arlrl

?' iras in the fina1 stage a p' and 7-' such tj iai

- r

In this last ec1'.ration $'e consider the nember in the parenthesis :r:i

snrall relati 've Lo p, \ 'hich is 1pg \,hen the dilTerence'betrveen arrl '

t l ,o values of the pressrrre r., ' i thin the rtrass is sma11 as cornpalerl rvit lr

the total pressllre fh. under this assunrption 1\'e introdttcc lrtt

approxin-r:rte computation analogous to titat of t lre last -ceeti i l tr

$ ( ,s ) '

we first seek fc,r the lnass-integral of (I - T') thrr)rrghortt t]rt:

r. lrole nrass of the unit column above the point x on tTte o1i5 r' i

abscissa; in accortl rrith tile !-ttevious ciefiuifion n-e put 
'Ir* 

for tlrc

avefage telnl;eratitre of this colttmtl, then l le ltave

rvhe

_ g z

Thi
thrt
o f i

tur',
\\'e

anr

int

tet
to

l c t
.p' : po I l, | (po, - pr,) dx

t  J ! - x

-  (  o  - -  po-  r , .  
f '  (po, -  pn)  ax I

!  J l - r t g  /

I S

t '-r,:T -,(r;)^: - l '- !&- r*r[, '_.t,.- ?),t,,1

T*Po,:-h: Tr; j"h 1,rt, - 
f"u 

t't,a,
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\rhence \ye c)btai l t  the t lass-jnlegri i l  of ( f  -  I ' )  as frt l lor l 's:

.1,^ t, - 'r ') ydz:; 
t 

r! (Po, - Pn)-

(po" -  po)  d r :  fn
gtx

Rl"'i
/ t  3 / . r - - , i 2 \
t  ,  - ?  -  , ; " -  I
V L ' /

( A \

: I  , (Po,- i l0") \

This expression nruliil-,iied b-"* 1he faclor C,clr ancl intcgr':ite<1

tirroughout the $'irole iength I gi\ 'es tl ie averilai, ' lc kirietic energ\i

6f thC rrhole s1-steur. But siirce l le talie tl ie trrie alel 'age telur:er'-

ture rt" instead ctf t l ie l>at'oruetl ic al 'elage telnl)eiatut'e thert:fore

r.;e fir 'st stbstitrrte

Po" - ?n (B\

ancl remark that in the fi l 'st mert'.ber, on thelight han,1 side of the

integrerl (rl), both terttrs cl (B) a.s the selial . levc1t,l, l le;l l  o[ Por -' l t,

are to be use,l. but, in the iast irrelnber of (. '1) onlv the l inear'

te l rn in  / l  or  the f i r 's t  te l tn  of  (E)  l rcc,  I  be cot ts i t lc tc , l .  i f  uc t lcs i rc

to go only as f:rr in the resrtlt as tclrtrs of t.he order

For 
'/ ' ] 

l-e choose a l inear furtt ' t i trn of the lengtlr irr rviric'h ;

is smal1 r'elatit.e to ttrt itt so thzrt

m { ,
r c  -  ^ o

' fhis gives

1

i

{or '  1he last  ter : t t  in  the in lcgra l  ( .z i )

and for the co:n1r1ete irrtegi'a1 (, '1 )

7'') lt tl:t :
t r  |  t  x  txz

r - ' z ' I  2 rz

r t -

b ' "  I  A-- ---  |  I t t ,  t

J ( L

: I',,lttrtt ' ;(rg.'* )' 1

",,1_ell_ 
\'

\RT* /

('*"1) '.i:i*('-,,,)

r I
I
I

t / L  -  I

Irorf (, i i i ,,) '{ i
Ph

"1" ('- -- \
f
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whence the available energy

vor_. 5 r

( I I )

. L I

th

c, J O' -- T') rJnt. : cp { . f  -  T ' )  pdz

. t ,
I : 2 : l D , ,  s "  . l t .  

I
- " R7-tt' 12

.f ,'o* ["o l (;,l r

2

Using the apploximate

rve ol,itairr

value

ou:t ou f i.,.

F(
-: ,
l t t

he
f11

of

t  s . i t:  1-c

for the errtt'opy

Constant  1-  Cr |<:gT -  Rlogp,

V

In this case the available kinctic energ]- fcrr the r.rnit of mass is
smaller in the ratio of z tr:r 3 tiran in the sy'stern ltrei ' ionsl}. r 'c,n-
sideled. if r i 'e substir.r.rle 

-Io'i '  
and Zr'r thercin i lsteaC of 

' lr ' i ,  .t.r,1
Tr'?. In this first appioxilnation, this energy c'le1ien,,1s on11' orr
the altitude and on the nra.i inrun horizc,ntal clif lerence of ternirerl i-
ture ancl is inclepen,,lent of tire length of the trough and ther.efore
also of t ire horizontal teiirpet'atrrre graciient.

'Ihc rcsult is pri irr: ipal1r' r leternrined bv the assirnrption that t lre
vertical rl iminution of te:rnl.,clatrrre is that r ',1'responclir.rg to neutr.al
equil i lrr iunr, as is shot'n in the follorr-ing ser:tit-,n.

: $(28) To f,nd. the locetiorl.of the su.rfaces of eqtnl entroplt,i,7x e nftrss
of air rdten tlrc pressttre is cott.starit throttghoitt, auy leztel sttrface aud
the teutperature is a funtcl.i.ott oi the lengih atd. a Lhrcer function of
tlrc altiturle.

In the expression

q -

we pul

T ;Tn* ( h - : )  a n d  p :

n'here I; is a function of .r onlt' and.po is constant. The systeut
of curvesof ecpal entropyin the rzplane is cleter,mined bythe erpra-
tion

h' (x ,z)  -= n, lag ' f  n  -  (n"-  1)  1og I  :  Cc,nstant

t

, g
nCo

I  T  \ " cp
Pu \ ;  ) - {\  L  h i
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The angle a that is inclucled betri'een the rlirectir.,n of the curve ln
tlre vertical plane of xz and the horizou is siven by the equation

tan rr ( t r  I  0z
d L 4  d i ' / h - "

| '---- -L
\ . I -
\  l r ,

ci \aru
9 / 0 x

Fc.tr n: r the angle a is a right angle. If n) r rrit ir stable equil ib-
riun in each isolatecl colulru, and if .r increases tol.ard the right
hand, then the cuLrres c,f equal eirtropl' tlenrl clot'nrvard torr.ard the
right. \Yith increasing r':rh.res of rz the inclinations of the surfaces
of equal entlopv to the leve1 surfaces dirninish very lapidly.

If the hoi'izontai inclease of tcmperature is ro C. for eo kilo-
meters or

0.00005" Centigrade per meter

n-e obtain the follorr-ing respective sets of values:

w t h

0 r -

Y ertrcal
Temp.

Grad ient
per room

dh lqr

{16 for

h : 6ooom

T h :  z 5 o "

r . o o

L r o

r . 5  o

2 .  O O

0.993 i co" o'
g .sE+ 1  z6 '  5 i t
o.9o3 1 3" ro' i S" SS'
o .662 t  o "  5z '  i  t "  I '
0 .497 I  oo  34 '  ]  o "  es '

Even for r-ely large holizontal tenrpelatur-e gradients, the sur:-
r,, ,, faces of equai entropJr are but slightly inclined to the level surfaces

tt,'hen the vertical ditninution of terrrperature irr drl' air is less than
o.g" per loo lneters. If notv from such an jnit ial condition ihe
frasses pass adiabaticall l ' to t lre final stage then titere is evidently
availabie a smallel antount of kinetic energ)/ than in the cases tvhere
the entropl' srirfaces are at fil'st ye1tical.

' l
' -  t

. t '

$(29) \Ve nol' return to the tvo-cha:rrber system.
To fiul, llrc fr,rrctl stage of luo ntasses of ai.r uder constant pressu.re

witlt 'initiul linear verti.cal dintitr.trtiou. of tentlteratu.re.
If the vertical graclient of temperatule t ' i thin the rnasses r and

, (f ig. +) is snraller than that ft ir neutraiequil ibriuinthenthcentropl'
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increases with the altitude and it can happen that the entropy .rt
the altitude c, in the cooler tnass r is as large as that at the i_rast:

of  the mass 2,  i .  e . ,  a t  the a l t i -
tude (L - cr); the uppef iaycr.s

ea of r may one after the other ser.-
ially have respectively the same
entropy as the layers in z up l.o
the altitude (h - cr). In the
final stage the lorver part of r
rvill become spread out at thc
base; over it rvill lie strata con-

sisting of r and z mixed; above this will rest that portion of r
that initially lay betrveen (h - c,) and It.. At the boundaries bc-
tween these three layers the temperature changes are continrrous.

If the tenrperatures dirninish lineariy as in the equations

:
i

:

, , :?r(ro, - o,) C^
cr :  L -  (0 ,  -  Tn)

I n t
1IIASS :

and s
kineti
deduc

$(:,
to be
of th
the cr

In  t t

For

T]
tion
kine
met
'ove:

(r)

FOt

F rc .  4 .

then u'e have to seek the altitude at r,hich theentropiesareequal
or Sr:S, for the same value of poin the equations

Sr : . I (  *  CpVxr logTo,  -  Qr,  -  1)  log l r l

S, : K * Colnzlog Tp - @, - 1) 1og frl

Letus assume ?LL: nz : n;let d, be the temperature of the mass I
at the altitude c, and d, the temperature of the mass 2 at the alti
l;.tde h - c, then we have

.c7 ' t :  T n t  +  , r c o ( h  
-  z ) ' T, :  Tn,  +: .  @ -  , )

,o2 up

Tn, 0, n 7'^,
log,-i, - togT* : n _ rtoc, *

Ilence for n : z and a vertical temperature gradient of about
o.5"  per  roo metets and for  h :  3ooo meters Tnt :  z63o,Tnz:  273o,
we find cr : 2154 meters and c, : 2o9o meters.

In this case the greater part of the masses t and z remain unmixc(l ,
the available kinetic energy rvi1l not be much smaller than if in thc
final stage the'w-hole of mass r lies belorv andthe rvholeof z above.

Again,  for  h:6ooo meters Ih1 :  z48o,Tp:  z53o, tvef ind c,  -=

z3go meters and cz : 2096 meters.

I
, J

L

'rval

an(
Af1
wh

?

'+leaFf ltt*,e.Fii(Fs-.F*!,@llryry
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In this case the clescent of the mass r, and the ascerrt of theother
nass 2, are tnucli snraller than for the sbnre values of I in the first

and seconr l  anah'seq $( :a)  and $(rS) ;  hence a lso the avai iable
kirr.etic elrergv canrrot 1re evaltlated by' using tire equations tltere
<ledrrced.

$(3o) 7'rc,o,,ro.s-se-r of uir lutuirtg cottstartt leiltPeratln'€s. In orcler
to be able to express 1r1()re ar'( uf atelr- the inilttence of the fortnatic;n
of thlee strata on - ri(F + I) I irave computed an example for-
ti ic case of conslartt T, and 7'". In tir is case we ha.r'e

, r l  -  i r

'S, : 1{

sll S (/,

r 2

l , l

t , ,

I  n  t  l r e  f i  r r ; r l  S t  ; r 1 C  1  1 1 1 1  1 , , r r t t  r n r ' : , 1  r r  r ' , ,  
" f  

t  h n  r n o  l  j ; 1 1 1
J ( ( ( b w  L r ' \ ,

- K  |  , . 1 / K  _ t / x
( t ' ) : z  \ 7 ' ,  * 7 "

For  /z  j  3ooo tne te ls ,  I r  :  2  58o,  7 - : : :68o,  n 'e  f i

c .  :  ro25.g  lnc te rs ,  ( ' l ' ' , )  -  za3 . rzc .

is constant, '""i2.,

:  to99 5 l l leters

' fhe avai lable l t inet ic  energ]-  is  to  be forr t rc ]  as in  t l rc  f i rs t  computa-
t ion but  bv a rnuch longcr  route.  The r -e loc i t ,v  for  the atcrage
ki r rc t i r :  ener f r \ .  anr l  for  t . fvo c l ta l t t l . . rers nf  nrr r re ' l  r -ohrr r re is  T ' :- . . , . b_ .  . ^ - - . -  IO r  L \ \ 'O  C l l a l r l oe f s  f l r  - . 1 - *  9 .5

(nre1 crs per  secon(1 or  onl \ '  ha l I  as rnuc]r  as for  the nrn l 'e  conlp le le
overfiol\r from z and rrnderflol\: from r as col11pr1tec1 by equation
( I )  o f  sect ion 25.

FOURTH ANALYSIS .  EQUAL IZAT ION OF  T } I I ]  PR I ]SSURES IN  A  I IOR I .

ZONTAL  LAY ITR ' | I IAT  RDTAIn *S  T I IE  CONSTANT VOLUIUE

$Qr) Contttutalioil. of liw oudilable kinetic en€rgy.
Initi.al stage. Assr,rme a thin horizontal laver, Lrounded b;,' rigicl

ri 'al1s, cliviclerl by a scrcen irrto tl 'o chantbers having volutnes k,
and ler, rr-hosc r,lasses aLc rrn,lcL thc pr'cssrrres p, nnrl y', respecti.rell ' .
.After removal of thc rl i t i t l ing screen the plessnre thlougliout the
rvhcrle r.olume k: kr * lr, becr,,mcs p'; if the exp;rnsion of one mass

1at-er

\ r
I

^ 4 .



and the compression 
:f.,h"..?,_h", 

takes place adiabatically
netv volrrrnes 4,, and Ar, nill be

ki -  t"( ' ; )" '

From the condition tlnt k,, *

O' : \:i t,,

The c6nter of grar- i ty of  t rre u'rrole massreurainsatthesamearl i t r r , . , .
tr4rerefor-e DF : o.

The available kinetic energ). is therefore

-  aT:  c l  -  c" )  :  c , f  ( r  -7,1 tdk:*  f  ,n_ D,) , ! t ;- J  '  ' r - - - '  
R - l  r r , - t / ) l

I
:  

, ; ( k , h  *  k ,P ,  -  kp , )

If the- difi'et'ence f , - ?, is sruarll as com'arerl '.ith t'e pressrrrc irrone of the chambers so tjrat pt _ ?r. : ep, then

Pz :  P t  (1  -  . )

p'  :  p, ( t  - t : ,  -L! :  i - - - I -  : l \
\  a  t . 2  T  

' 2 , 1

- a T - t  k t ! ' t '  e 2: i  
W ' k P , . t  : $ t i r ( L / ) z

Tirerefore if Ix is the ar-erage ternperatur-e of the rJr ole rnass, t'en i.l,cl
average ar.ailal' le kinetic eller.gy for tle tr: ., 

.b, lerrt rnass 
^; 

tr gir.eu l' l.r

[V'] - (V)' le,k" Rf* ez- ; - :
z Z k 2 r 2

circumsiances.ate the same this has its rnax_
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ki :  t  , (u;)" '

i .OL.  
S r

t l r cu  l i ; , .

h ' r : k r l e f i n t 1

t/r k. t/r \r
*  7Pz )

If t lren r

I f p r : 7 0
equation g

We rvil l  ,
previou,sly'
alongsicle r.r
charnbers]
greatest eni
nrass (z). 'r,

gai'e the vc
may l.re brr
if rr.e put.

ghr

u'hence

If. f.or po, !t,,,
h :765 , r
seconcl, or lr
tlfelefole a

$(32) \Yc
Let  the < '

partit ion arr
diffelent prr
ha a  l r ' i c rh  e r

difielence oj
alt itucles ar:
that level.
s table ec l r r i l i
t ion the adj

and when the otiter.
irrrum tvhen

b r : ] t z : ' n
2

O
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If then the volumes of thc ch:itrlber"s r and z are equal, n-e have

(v)::, i t ; ;
t  h  - n  l f

n'l ' ' i ,  : 
-. t ' t _ (2.1 _"i: /r, . 7' ' :, . . i l  I l)
2  P ,  * C . "

i
f , -
i

t ,

If 7t, : J65 r"n 1llerc1r1'y, p2 : 755*"'I.I1crcury, T :- p73" then this

equation gives (7) : r.55 meters per second.
\Ve l'i1i compare this r;rrl-.re of (f') n-ith the V thti rt'as cleduced

previousll in $(3) f<-,r t l 'o inasses that init ially lay'in a deep trorrgh

alotigsit le of each othcr (see fig. t). If h is the alriLr.tcle [of the trr-o
. , 1 , ^ . - 1 - ^ - - 1  ^ - . 1  ? - : : :  7 -_ : : :  a t . c  11 re  a . . r - o r . l t oc  l n r r r ne r r t r r r . os  n r r , l  i f  t l iCL r r 4 l r r U U l D l  d t l { l  I  I  f  2 '  

( l 1 s  t l l 9  a \  q I ( r 5 u  L \ - r r r }  L r . 1  L q r u

greatest entropv in'mass (r ) is smaller than that of the lorr-est layer of
niass (z), then for cliainbers of equal r.olume thc seconcl analysis

gave tl-Le r.elocity V :- l i  y916 $ee thc er:pressir,n (I) . iz5). This

rnal' l ie brorrglrt irrto a fcirrn sirnilar to that gileu above in (III)

if rte put

u*,: "rX {}o:'; 'r
7'*  -  T*

:  gh 
- '  

r - , , , t  
t  :  i lPPruxi :natelY R7' ' : '

v:*4*.,fn,;

r02

i;
ghr

rvhettce

I 'O r  r  o :--;- -
r o l

{
d
I

, . : .

t

I

I

(I1')

If for po, po, and 7''! ri'e assume the satnc t'alrtes as tbose just given

F i :  7 6 5 ,  P z :  7 S S , 7 -  :  z 7 3 o  l h e r e  i e s u l t s  V  :  1 6  i n e t e r s  p e r

second, or a velocity ten tinres iarger: t1tan from ecluation (III), and

therefpre a hunclretl times the liiueticr erlcrglr pet' unit i:lass.

$(3:) \\re can itlso add the folio.,r'ing probleirr:
Let  t l rc  charnbcls r  arr r l  r  o f  { ig .  r  be l inr i le , l  abor"e b} 'a  l ig id

paltition and corrtar'n tnasses of ail that have equal entropies b.ut

dif{erent presstl l 'es at the sane altitrtcles, co11serll1ent11'tlrere i lust

. be a higher tempei'atttlc oti the sirle of the higher p1'ess1lre. Thc
r l i f ference of  n; -essrr le  nt  nrry  leyel  is  jn  t l re  sarne d i rcc ' t i<ru at  a l l

alt itucles anrl is near' l1. ltroportiolal to tl ie avel'age pressrue at

that level. The init ial stages of r anrl 2 ale respectivell '  that of

stable eqrri l i lrr irrnr. Aftcr retnoving the separating vertit 'al parti-

tion tlie acljacerit la1'ers c,n l.he satne 1eve1 unitc. The altitude of
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t i :: center of gravity remains unchanged. The rcsulting (l/) ha:;
t:-,: same forrn (eq. III) as Ior lhe thin hc,rizontal la1-et consii lclc,l
aL----;e, provided \\-e 11ory 1et 7'indicate tbe a\:elagetelrtperaturcrif
ti:: .,',-lrole mass antl 1t:t 1:, anci p, indicate thc irritial v;rlucs o{ tlre
pi.isrlres at the base.

-:.gain let thcr-e be resting in these chanrbers masses u'hose dis.
t::-- ' lrt ion of entropies is such as rlas assutnecl in the set'trn,l
ar ' - . . - r -s i - . ,  sce scct iou :q:  th is  cqual ion ( I )  r . r r  ( l r ' )  appl ies to tht ' i l
^ , -=. .+, . - - i - -  ^ . .^ , ,  i , .  t l r js  r ; r .esr .nt  case of  c6nStal t  vo lume. I l , i r
t i :.: same differences of p1'essure at t ire base, and for smaller
cli::(-rences above, and rrhen Pv - Poz is a srnall fraction, as i-s thc
^ ^ . ^  : . .  ^ . . . .  ^ . . * ^ ^ -  l a 6 r ^  n n r r r { i n , r  / T \  _ i \ . o s  a .  r n t t : l t  1 ; r r . g e r  \ , a l t t cL  ( r - U  I l l  U u l  4 L l J r u s P l L E r  U .  q q u d L l u r l  

\ l /  6 r  \  w J  e  I , u ! r r  r ( . , 6 v t

io i  t i re  l iv ing force t l ian equat ion ( I i i ) .
I i  seems norv to have been abrinrlantl-rr clemonstrated tl iat t lre

avai l ; rb1c k inet ic  cncrg)r  o{  s l rch a s1-steui  is  nc, t  t te} ,cr r t ler i t  t r r ; r te l i t r l iy
ori t l ie l-rolizontal , l i f ierences of pressrrle br"rt on lhe distributioir r;1
entropy and the buoyanc-t' depencient t|ereon.

\ki Appendix to tlrc fourtlt. au.olys'i,s. Study of Jottle's e,tfcri-
rtit:rt relaliue to tlte muhnl indcpextlence of tlte 'inlenrcl energy aud
tlrc uoltnne of a gns.

In the f i r 's t  c lur :nber  of  f ig .  r  le t  the hor iz . 'ura l  iaver ' . . r f  gas t re
t r r t t le l  the pressure f ,  brr t  lc t  t l rc  other  charnbel-be crnpt) '  or  Pa-  o '

Ire no\\' have tiie satne arrangelnent as in Jor,rle's experirirent, if
rve pnt h, : t k.

For this case the i i lst cquatioils crf orrr fotrrth ana11:si5, 5 tt,
bc.:otne

s t  *  9 -
I ' ,  * p

a  / t
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In the case of motion rn'ithout friction \r-e irave for air

(y) :  t /  z crr (r  -  2-o.ai) :  o.zos+ r '  qf .

For tlre temperature I : z73o this equationgives(1/) : 3o7m./sec.
If we assume that the kinetic energy is confined to that half ol

the mass that flos's out of the first chamber into the second, I'e

fin<l the velocity 435 rn.f sec. These values are of thesamemagni'

tucle as the molecular velocities. In srnall r'essels the kinetic

energy is very soon con\€rted (by friction) into heat and is added

to the internal energy of the system This added heat that we

fail to notice in our atmospheric movements is decisive for the

result of the laboratory experin'rent. Probably the experiment of

Joule rvould have given a very difierent conclusion if he could have

perfornred it in vessels of very large hodzontal extent. In that

case one should have obserr,.ed a dimjnution of the internal ellergy

at rvhose cost arose the kinetic energy of the systematic motion

appropriate to the extent of the vessel. The previous portion of

this article has been suggested by the relation of our problem to

Joule's experiment but the follol-ing suggestion t'hich has perhaps

already been made elsen'here rnaSr fg added. In the case rvhen the

volumes of the gas chamber and the vacuum chanrber are unequal

and rvith the assumptions that the motion is frictionless and that

the change 
-of 

condition is adiabatic and that at certain moments
the pressure p' is unifornr thloughout the l'i'hole space' rve have

.  /  p . \ r
P ' : l i l  P ,

\ E  /

t

I
:
;.

.  s = _ A . t ( ! ) r _t  _ o r :  
z  

: nr c,r  
[ '  

-  ( ]) ' - ' ]

If the vacuum chamber is verl' large relativeiy to tire gas ciramber

so that kr/k: o approximately and since 7-r)o therefore this

equation gives
I

; 
(v)' : c,r

On the other hand, from the kinetic theory of gases, if (2'?) is the

mean of the squares of the velocities of the molecules of gas in the

non-systematic free motions of molecules for (u2) is the square of

the mean free path] rve have

i 3
, ( w ' ? )  

:  
, R T
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Herrcc if C, .-= .l1i c,r. 1 =.,
c,f I th:rt is fori;r, i for- ncirr-
than ;] and (l/7 is gr.r:atcr

, i  r r - c  l r a r -e  ( l ' )  :
r r i r . r : i t  jc  gascs but
th; rn ( r r . ) .

I U l . .  I  r

(u ) .  ' l h i s  
i s  1hc  v r , l r

for <-rther- g,,.., ,- j, l :.

$(3a) Cor;rp ttt iscttL tLf t lrc ';,; ' t.tbie i, oitoi;e ti cate,l t, i ttt LrtLtloSt)r-\ ut;trtt.-ses for i i tcotti.hrcssi!: lo l i .t1u:d.s. 
'- '- ' 'b"'" r '

1 \ 'e  r , , - i11 n. )11-  consi ( ler .a sr-s tcnr , r f  l iqu j , is  cac, i t  o{  i rh ich r .c t l r i r , ;i ts corstarrt c'eirsilr- .1 urr'ng i is e rra'ge .,f iro.it i .r,r. TJrc; ar;l i i lrLlrir.l<inetic cnerg), is f o be conri_rriterl b], thc equation

oi . '- (nr -- .- , iF
1'he pote't ial e'oi 'g1' of po-<iti. '  fo' lr nrit c,r)rirrnr c.,f a rriurrqr-getlcoris l.rocly betu-een. 11re:rlt i tucles l, nncl 1,, i_* giveir by

tP l : .  f " ' r rudr= -u ' i  i i
z r i t -  ,  

2

(A)  I .e t  the c lu inrber  r  ( f ig .  r )  t .o t r ta in l iqLr i , i  o f  t i rc  constar i t  r le i is i l l
pr , t7 , . .c :  c l ta inber  z  a l iqu i r l  c , r .  sn la l ler  .1e.rs i iv  ; , " .  So 1; l rg i is11". ,  , . " " ; ,separrites ti ie t*'o crr;rrrrl-,cr'. irreic is ue,..,t.,,rr eqrri i ibrlut' ou b,trrsides of it. The v'lrr 'rcs r ir 'ci z are in lrris r::rst-. assirrrerr r:orst:irrt
ancl ther-efcric e1.111.r"1 io r/ lnd z/ rcsi.re.:i ir.el1-, ,IJ bcing i lrc ,rr. j"^. r,1eithe' base. \ ' .e rrr,v hn-'-c fc'r the i ir it i l l l  a'r1 'rn;rl . 'r.g*, 

-
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P t :  t r (

pot : glt. lt,

o \
I t l' t  

2 /  F z :

po, : glt p,

(c
1a

t ' o
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then analogous to equaticxr (I) see $25, or (I*) see $3r,rve have

1 1 1 " - ; * -
V  :  

2 V  g t l ,  o r  V  :  , , {  S / ,  
t ; e

' Y a

(B) Follorving the initial conciition assumecl in the third anaiysis
li'e now assrlnle that a parallelopipeclon ha.u-ing the height h,lengt.1t
t  ^ - - 1  L - . ^ ^  1 r r . . . - : ' - -  i c  f i l l e , l  r ' ' i t l r  l i o r r i d  g - 1 t O S e  d C n S i t f  i S  a  f U n c -,  d r t u  u t E d r l L l t  u I i l L y

t ion c, f  the lcr rgth r  only .  \Ve a iso assunre thel  thc densi ty  d imin-
ishes continuously from r : o t1p tcs x : l.

We thus have for the initial stage

' '  I ir the final stage the l iquicl that rras init ially in a rrertical column at
r abor.e the elsrnentarl'strip d* rviiir density ,rr becomes a horizontal
layer  at  the a l t i tude 5 r r  i th  t i ie  l .h ickness d5.

Stnce ltd.r : ld( anl hv : l( therefore fol the final stage rve
i  r ' : r  h a f r e

T f  - . ' r . -  r . a  r ' r r iI r v  P u v

there .results
M : l h p " ( 1  * t o )

/ I  o \  / 1  o \
,  P o : g i r . z l p , l " - Z )  p " : g l t r I p " ( ; - ; )

\ . -  \ . ;  o  
/

-a  P :  Fo -  P"  :  g  h  t  o , - i t :Y* :

and rvhen o is a snr.a.li fraction then, and in agr-eentent ir.ith (II)
($27)  rve har .e

(C) I-et r1s nolv ar1'ange the liquid in tlie trc-'ugh in parallel inclined
layers of equal rlensitlr ancl assunre for the initial stage

F": J',0*Ii* oo, :gl" [',,,0,

F, --  t  f ,"ro(d(:s!! '  f ' r ,*a,

/  x \
t t : t t ^ { 1 - " ; )- \  t /

, ,  l i i ,u  :  
\ * 6 -

/  r  z \
l t :  l t o l l  -  o r j  -  o , ,  I  :  i r o ( t  -  g ) .

\  L  -  t t /
q i t ; t

t
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The computation of the avlrilable kinetic enelgy fol this crrsr:

supl>lemonts the computatic,n for ail rvLtose entropyis a frrlctir,rr

of length and altititde. 
'lhe a.ngular inclination to the holizon r,f

the Jayers of equai density is

If o,) o- t.hen the la1'er that starts from ti le eclge \here :v : o atlt l

z : lt r i ' i11 intersect the bottom of the trough.

, 
The arralysis must be executed separatell'- fclr the three i-e-

giorrs in ri'hich I * oz! + o" I i' b"t"-""" o and oz; or betu'eerr' I  ' l t

o" ancl ori or betrr.eetr o, ancl o* * o". Tire first and last of these

regions a.re triangles i1 t|e i irs p1alte, t|e second is 3 pzrrallelograp.

The evaluation of Fo ancl F, for the sepnrate regions js rathel

tedious. Eventuall)' rl'e finc1

lf o" ( o, then the abc'r 'e described layer (t l iat siarts fro:rr t l ie erlge

for rvJiich x .: 'tr, a : lt') $"i11 intei-sect the opllosite vertical rva11 c'f

the trough. Fol this c'ase u-e itar-e

, r '  ( ,

In this cnse also the avaiiable kinetic energy is independertt of i, i .rc

length of the trough.
If o": o [then a : 9ou and the la1.s1r are \ 'ertical colttrrtns as irr

case B and] the fortrrer rjf tiie-se tu'o eqrrations becolnes
/ \

v'( t - % ) : t,/, A vhich is identical t'ith the r.a1ue of V ccrrL'
\  2 /  

-  
6

puted in case R rvhen o" is a srnall f laction.

If o": ct"then the 1a1'g1s are paraliel to the diagonal sulface of

the trough. For this case the tl'o equations ag1'ee in gir-ing

glt o
V'G -  o ) : -Te  ;

therefore, if o is a sinall f i 'action, the availablC kitre[ic e[ergy is

abrrut one-fourth of tiiat $'hich r.,'e found fof the sailre Yalue of 'r

in case (,4) ol tri'o-fi{ths of tlie analcigous quantitf irr case (B).

.  /o '  / ' \
d: arc tan 

\a 
. 7/.

r,,(,- ? -?): rt,{!ry -o< ,i Z ( 
-: 

Z)\

-:: -9: sn 12 ? ('-: ?")

(D)
treater
assul1ll

liquid

filled t

ql-r  oo

trougl

This 1

fereur
muclt

1'Ti D

Itr'
tiott' t

$ (

an i,.
syst t
1Ve
^ i f

gas r

tire r

tiotr
an t l
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(D) Fina111" irr orrler-to inritate rvith i irccimpressible i ir lui, l the case
treatecl in the forrlth anal1'sis \ i-e t-etur-n to the tto charnbel's; 1\-e

assrlr-ne their bersal areas to be eqtraL;fl ie charrrber r to be fi1lec1 rvith

liqnicl tith clensity p to the height h + ! ancl the chamber z
2

fi l iecl rvith the sanre l iquirl to the height h -:, so that in the final
t

stage the fluici extencls to the altitude lz throughout the rthole

tlough. \\re nor. have

R  /  ^ 2 \  _  B
F," : ! i s#( / , ' * i )  P" : Ig ; , i , "

/ .  ? \  /  l \
t l o r  -  s t t ( u  *  ,  )  r , , :  s r  \  

, ,  - ; )  ?u :  sph .

g r l ?  r P o r - l ' o r . r  I( l  ) ' - -  4 l t  
( l ' ) :  

Z -  O - r ' g t ,

This lrrst explession is the analogue of equ:Ltion (iII) of the foultir
ar-r;r11'sis, $3r. Fol equal vaiires of po, and po" rrnri u' iren their t l i f-

felence is srnn1l r 'elrrt ive to fothen in this case D,t.ire r.elocity (1"), is

rnuc'h smallcr lhan the 
'1,'- 

in t'rrse (:{).

t t r rP rnn  IV

l 'HD  EQUATION OF  ] 'N ] ]RGY } :OR. t r IO IST  A IR  IN  IVH IC I {  CONDI ]NSAT ION

OCCURS IN  CONNECTION 1V IT I I  THE  C i {ANGI ]  O I I  LOCAI ' ION

In order to inuestigate lhe i'nf,uettce oi tlrc lulent lrcat c,i condettsa.-

liott, ott, tlrc aaailable /.:ittetic cixergrt a f,ctitiotts girs is itfirodtrced..
'  

$( f  S)  \ \ 'c  nray cc,ns i r ler  t i re  cquat iorr  (6r ' ;  ' lc t iuce, i  p , i 'ev iot rs i l ' fo t '

an ideal gas of constant conlircrsit ion as applicable to ant'ciose,l
s1'stern. 'Ihe significante uf f ciej,entls on the nrrtute of t ire systent,
\\'c irill appl1'the equation of energy to an atr:rosplr.erecc,rnposed of

air', l'a,ter, anrl r'apoL, assurniug tlter"ebl' that tire vapor is an ideal
gas up to its 1l<-,int of cc'ndensatiou. In this case \\ 'e cau dedrtce
the equeLtion of energy,- b)' a special rnetirocl if l-e change the equa-
tion of continuity so as to include the processes of condensalion

anrl evaporation.
\Ve adopt the ecluatiorr (6t') of $ir as art axiont

(0) :a1x+n+l l+ tn l
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Of the nralr-\ '  l ,r 'or-csses that c>cc'rr: '  i ir moist air rve rvil l  base our
analysis rrn thcrse oniv that t le consicler i inp,.rltent fcl our l,r '<,blenr.
u'hich is to deterrirjne the ar-aiialt le l i inetic enel'gy of an1, init ial
stage; all otirer consic'lclatio1ls 1\'e ternporarily omit.

The condensation of vapol jnto sma1l drolts causes tbe capil larl '
energy to be included in J, antl the l)r 'ejsrlre of the satulated \:al)o1'
t o  denen r l  on  t l , r - ' s i zc  o f  i l r e  r l r e , r r s  r r r r l  l l r o  r , . : r l e r  f l on l i r r r r i n  1 .1 re  l i i r
to contl ibute sfigirt i l '  by its rveiglrt to thc |l 'e:]sure of the strlLta
beneath. \\'e fi'ee orrlselr.es florn these influences l-hich arc r-,f
ininor irnportarice in oul plesent prroblem, b1' assuming that in crur
s1 's tenr  the condense' l  r r i r ter  imn:e, l ia te1] ' fa l ls  to  the grorrnr i  [ t . r r  a t

rleast scparates florn tire air under consideration].
Let a, F, T b. the sr"rbscript inclir:es leferring to the aiL, vapor, ancl

\ \ 'a ter ,  r 'es|er ' t iye1rr ,  sr r  that  the lnass ( i t t l  c , i  lno is t  a i l  is  composc, l
of thrce poltions'. t i tu, itxf; ;ru, r 'especrtir-el1'; the specii ic l ieats ale

Crn C,p Cr, : Cna Cpl Crr : lrirrreover Coi - C$ : Ilp, etc.

I. : latent lLeat of er-apolation of a l i i l , .glarn of l 'atel at t l ie
tenrper':rture 7-; anLl L' at Lhe ternpeiatut'e 7'l.

L-RB I :  in ter la l  la tent  i reat  c i f  er -apci rat ion.
C : slec'i i lc he;Lt of. l ' lrtei-, assrrurecl to be cc,nstant.
CT : ir.rtcrnal eilcfg\- rrf l, ki lr.gram cil r i 'ater.
C7 '  +  L  - -  l i 3 ' l  - -  i u t c l r r a l  ( : uc lg ) ' t , f  a  l i i l r ' g l i 111  o f  v i r p i ) 1 ' .
Assunring t1'rat acluecrrs \-apor fr, l lr-- 'rr 's t l ic 1au-s ol it leal gases \\ 'e

havc
L : L o - G - C r . i t 7 '

I -  -  R , t T :  L o -  Q  -  C , d  I -

Lo : Cortstant

Frr l  i l re '1  em.rer ' . r l r r le  7 '  the j r r ler -nal  cncls \ /  t / l  , - , f  t l re  e lcmentarr .
b - r  

\ ' ^  v r

inass dtrr r'lrich is compo-*s1l cti tltlt.rr, dm.3 anrl dnt, is giveti b)' thc
explessiorr

r l l :  C,o Tthno + CT ( t ln t .3 I  d tn)  *  ( .L  -  I lpT ' ) t ln t , t

:  CocrT duto *  C, ,11 
' l 'c {ut t , '1  

l -  C ' f  c lu t ,  -p I . rc iut . t

\ \ te  tv i l1  f i rs I  assrr inc t l ra l  r iu l i r ig  anv charrge in  t i re  sr-s tcrn t l re  c t , r r -
s t i t r " rcnts of  arrv  c lc lnerr t r r r '1 . : r iass lc :nain t l te  s i r l ) re,  sr l  t lu t t  in  t l rc :
f ina1 stage a l l  l rovc r rg l r i r r  a  culntn, ) i l  te i r rpcr ' ; r turc as i r r  t ' ! re  i r r i t i r r l
stage; therefolc d'r;ro leirains unr:' lrangcil anrl dur.'p 1- d.nt.tr.,= rJ711',
-fdtn., l ' l tet 'e the srrlcrs.r' i1lt 1,f i1'116'q refet' tc. ' t lre fina1 strge.

T
t1

\'

t

I
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$( lsc ' )  L .e , r r rs t .ons i i l c r  i1  sYSlen l  t i ta t  i t r  i t s  in j i ia l  s t rLge conta ins

1rr,,  i i r lui t l  rvateL. I ts irr tel lral el lcr ' ! l \ i  l  i11 i lc

i ; :  C ' , ^ j7 ' r i  t t r ' , , ' iC , . r !  t  J t t t  l  ' l -  L " i ' I tn3

For i l ie f inlr1 st i igc t l l is l-rcct,t l ies

t ' ( ( ' C

i :  
( , " r ) ' l ' ' , 1  t , t , r ;  t : , , , . )  T ' . l t ; t ' . 3 - l  C )  l ' , 1  t ' r ' T  1 -  1 . , , ) , 1  t i i ' , i

Sincc rve asstl lnc dttt . . .  -  6 1l1c,1sfr)r 'c dnr' .r ,  ---.  d nt3 - d t t t ' ,  and

. f f

l" 
-= ,,".t 7" 

"tl 

ttrc, ' Cr,'J)'I ' ' ,L rni + "I, .-l d rt',.1 --

-  
) l I - , , -  ( c  -  ( ' " i Y l ' ' l J  n t ' - .

Tjte e: lcess oi the ir t tet ' tr t l  c ' '1. j1'g)r in the i l l i i i :Li  stager rrvcr. thal irr

t l r o  i l r r L l  s i i : S c  i 5

- -DT -  I ,  *T .  -  c , * [  i f  -  7 - ' )  J  r t r , , ' i '  ( ) , ,  
; )  1 '1 '  * '1 '7  r l  r ; t .  - i '

n I  u- '  - '  ] i . i l  ' t  , i  r t t ' ,  '

\ \ . e  a s s u t ' e  f r . r r t j t c r  t l i a L  t l r e , l c n s i L r - , , {  t h c  r l a i c r -  i s  i n f i n i t e l r ' g r e i i l

i n  c r . 'm i ra r - i s , ; r r  r . , . i i h  the  r lens j t r -  o1 .  t l r c  l i i r '  ( c , l ' i i ra r  the  \ r : ' i u r i le  o f

the r"-a.1ei '  is zclo). Untler t l l is iLs- 'u:pl; t ic 'n I .  hrrtL dI iet; irr  t i rcir '

t 'a1ues r" ' l tetr 1he cclt icr ise' l  i ' , - ; i tel  fai ls t" t l ie g1'1' jui l(1'

l f  t i re sl.steru is, as b,-: i .oiein f igr[ 'c r,cotrr i)( jsed of :r  1c,. ' ,(- f  f i . ] i -

t ig l  o f  the  r lass  o f  a ln r ,s i r i re le ,  c :< ten , l i l aa ' .11)  t (J  t l le  a l i i l r . rJe  /2 ,  ru rd

ao up1rc1'pori iol l  that:Lcts c' tr l ] ' r is lr  l ' iston of c' ' r i ' tst: i tr t  l 'eigirt  l l i r7"

r ' ;heLe B is the ai 'e:r.6f t l re i : ' : rse; i f  : . ,1s'-r the ai l  is: i t  rest in both i ts

in i t ia l  an , . i  i ' r s  f ina1  s tagc ' ; ,  t l l e r l  f r : r  1 i , 'e  i ' "1cn l i l i  ene lgy  o f  p ' rs i t ion

{ \rc have t ire fol lo-* ' ing c: i ] , t :essi, lns. in r ' , ' l l ic lr  t i le Yc11r-111c a1l, l  i t tass

intcglals ar:e to be exicrlr t iei- l  o\-ei i i lc 1r:t 'er l lor-t ion cjnl"" This

lattc;:  is tnre also f1r t l ic Lr;us.;- intcqi 'rr1s i ; i  1. 
' l1le 

1in|t ia1 pl 'c: lsr ' i fes

irre f,, a:Ltl it,1.

a \

o  | "  (

i l  -= |  ag I  p, l  : :  1 '  C'  ' r t : t r t t t  :  . )  t1. , ,  *  .F- ' : )  ' r l  fu- i  C'- ' t ist l t rL
, ,  , ,  , )  a .

'= /a.. j 7-J'iito '- Ir,1 ! 7" dtttl -t Constalt

r r
P, -= 71. ) 

' I- 'r l 
' , t,,. i  / i  7 -l 

' l- ' ,Ltrt '1J- 
Cor-istant

f r c
: i(,, . l  

7' ' .L trr.,, i  1i,; J 
' i ' ' t l  

tn 1 - ttp ) 
' l ' ' , l  

t i t, -{- C"rrs{rttt
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Tlre tvater that inthe final stage is lying on the ground contributes
nothing to the p,. The excess of the potential enelgy of the
initial stage over tlie final stage is

-  Dp :  p,  -  p,  :  R"J(T -  T,)  d.rnu I  a ' 'J  f r  -  T,)  d,wu*

If we assume that each portion of the system passes adiabaticallv
over to its final stage, then rve have (O : o and the'available
kinetic energy is

T') d.m.o *

For moist air the final stage of stable equilibr-ium must be deter-
mined under condiiions similar to those required for a gas of con-
stant composition, i. e., tliat the strata be so arranged that the
entropy increases upwald. Assuning that we know the fina1 loca-
tion of each mass, then n-e can determine the pressure ptthatthe
element dnt'expetiences in its fina1 stage: sincerve also knorv the
pressure p and temperature 

'I 
for this element dtn.initsinitialstage,

therefore T' and thence L' and dnt', ate to be computed from the
..rve11-knorvn equations for the change of condition of moist air.

$(SSb) We rvi11 norv substitu.te a mixture of dry gases d and p
rvhose composition has a local vdriability in place of the moist air
fwhose composition was uniform]. Assurne that for each element

of the nrass the ntioYg remains unchanged during the overtur-n-
amp

ing.
The specific heat is deterndned by the relation

Cod m. : Coo d, nt o * Co,dnt, 
U

The change of the total potential cnergy due to the overturning
process undel constant pressure is

- d (F * D :J co(T - Tr) d.rt.

- f a
: Cpo ) Q - T')dmo * CrF ) Q - T,) dnr.O

Forthe elernent d,mthe values of (I - T,) arc the same as before

..;;*:.!!arl

for
he
mi
en

+ nuJram,,

a K + (R) : -D(p +T)  :  co* !Q -

+ c"r! g - r,) dn,p + JI-,d.*,, (lr) c(
br
+ ,

w
I L

tc

ol

! l

v

?_*_

:.r' ;r' j.r,F'Fryffi,!*.rrttr -q+]q.rgaiq
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fcx' rrroist lrir. But in order tltai this be pcrssible, rve must adtl
heat drrring tlie or-ertrrn.ring ancl tire total quantitJ- for the t'hole
nrass ri.ill be (Q). I{ence according to (68) the available kinetic
a n a r f t r r  r . ' i 1 l  h -

af +- tnl:tAl * Cea 
! 

t., - TI) rlnrn * Co! 
I ft' - T') d.rnp

ancl the flow of heat is deternriued by the eqrration (Ii)

Q) : i 
L'tl.ui,

R T  d o
d Q :  C , d T  - - p - d t r :  -  ( R  -  ) C r ) f  

;  
.  Q )

(F{')

It is to be noted thtt L'drr/, is not exactly thc latent heat of
co:rtlensalion that the eiement dryr receives during its rvhole path,
lrut t lre clirnnlit l 'of heat evoiletl by the c:ondensatioo of. dnl, at
tlre ternpelatur-e of the final stage of. dnt. This is in accordance
trith the assumption that l-as rnade in the computatic:n of I, t-here
it rvas assurned that c'crntlensed rlater is carriecl along rrith the a-ir'
fo  i1 :q  f ; r ra1  < feor '

We x-i11 therefore norr, inlestigate the influence of the latent heat
of condensation on the available kinetic energ)', by' rleans of
another s1-stern that is more perspicacious than moist air. Sjnce
the'local t i i f lerence of c:ornpositjon is of sligirt inlluence in tl i is
problern t'e r.,-ill repl;ice the moist air by a hornogenorrs gas that
can expancl n-ith inclease r-rf heat.

$Q6) Eqr"utions for c f.clitious gas that receiaes 'htcrease of heat
by its or;,tt. exfansio;r..

The fictitiorls gas that u'e x-i1l introcluce insteacl of ruoisi air'
behaves rr.iren it is compressecl, like dry air and obeys in genetal the
eqtration of elasticitl' P : RTp. But with every diminution of
pressure tirere is connectetl an adclition of heat so that fol expansion

d T  d o
^ ; :  l * ' -
I p ( 1 )

u,here ,l di{Iers from the r that irolcls goocl cluling coinpression.
The quantiiy of heat imparted by this larv of expansion is

r i  : r : .  l

: t  i  '

: 1
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and also that )  1 r  ( 3 )

and tirat cooling rrccontpanies espansion as ,l is positive. . . (4)
ancl f inal11' asstlmc that , l is constant (S)

If lo and 7ro beiong to the init ial stage r,f a ntass tiren by the
expansion or transition to a slnaller pressrue p r.e have

I\ie asstrme that dQ is:

therefore

positi,,.e rr.hen cJp is negative

R -  )Ce is  posi t ive

x - )
lQ)i,: c"'7- (To - 'I ')

c l

i )
s l

1r
; +

rl
frT /  t r \ t

- - ( . - Jt  o  \ ? u /
(1a)

i r D n \

I
Consic'ler a vertical cohtmir f i l lecl rvith this gas at l-est: Let f ancl

I at the altitride s herve the sarine vaillres 1;hai a particle rr-ou1d har.e
when ascending faciiabaticall i ' ]  frorn tl.re base (po ald 7'o) to this
a l t  i t r rd e.

The d is t l i l ,Lr t ion o l ' tcr ) l l )er i r tu l 'e  j r r  th is  c t l lurun is  r ro i r -g iverr  b1 '
t lte abor-e eqrration (t) by the con-cli+"ion of eqtri l ibdunr (a) [osr3],
arid b1' the eqrratic,n of c,tnclition foi elzrstic gases p : R7"f.
Cc,lnbining the-qe tve ot-,tain

rvhence

0 z cp

\Vith this fictit iorrs gas, and for. any given clistributic,n of 1.eni1:era-
ture irr the vedical colnmn, 1\'e can carrv through a pr.ocess similar
to that  consic lerec l  in  ot r l  preceding seconcl  chapter  ($$:  r3-zz)
ancl f ind that for ascerrrl ing pai't icles (ol t i inri ir ishing pr-cssrrr.e) thc
dirninution c'f temperature just given in eqriation (6) tre,lcrngs to
tire conrlit iorL c:,f ueutlal ccluil ibrium, anti t l iat a nore rapirl <lir ir inu-
tion of ternperature ('orre:i l)oltrls to unstabie equil ibrirrnr. fn the
first case the vertic:a1 ternlreratur-e graciient is smaliet. t lran that
fol neutrai equil ibrium crf clrl '  air.

l a p  g  1  1 a T
p A z  R T  ) , ' 1 ' E z

O T g )
(6)R
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; \ ( , i ; )  \ \ c  r l ' , i '  j , , , - ,  t , , 1 l r c  r , ' r l ) ; , r t t : r t i , , t i , , i ' i l r c  l t i ' a i l l r l , i .  k i r t c ' t i t '

energ- \ -  c , I  r r r . r  c r : t , :n , ]c r l  l i o l i zon l - i l l  s \  s :1enr  (1 rg .  r ) .

I :  i rst o; iaL.t 'sis. l i r i i j r , . l  strrgc. Clrarnb,:r r  cc)lr tains drr, . i r- ,

c 'ha i r ibc r  :  t l i c  l i c t i t i r ' 1 i , c  g i i s ;1 , ;o r l r  i , f  l i rese  ure  iu  ncr r t r r r l  e rp r i i i l - r r iu r . r r ,

;rnc1 bc',11r l .1ir11c1' l i rc sanrc 1)1'ess11L'c l l t , ' .Li  1i\e alt i t i rcle /r.  Tl ie tern-

irclaLtr.r i 'es arc tr. i  i l ,e s,;  cl t , ,st '1r t ' !1al,  i i f tcr thc; ol-er ' ' r i lLl ] ,  in the f inr11

s t : rge ,  z '  i i cs  l ' i r , , l l t ' abo tc :  r '  an , . i  7 r r ,  i ' t - . l te i i rs ' i i nchnt rgec l .  ' I i r c lc fc . re

if  t l ie scl ial  sc(l i lert i-  o o1' t i rc c1t 'mentar_r- lavcrs be r.rrtr : i tatrgccl,  e\-cr-y

la r -e r  o f  cha i r r l c l ' z  c .x l r r rn r l : - '  e \ (eJr t  the  h ighes t  one \1 'h ich  re la ins

its oi ig- iral J) i 'csst lr 'c. 
' j ' l rc laler-s of r. '  an,:1 z'  are inrl ividrral l1. irr

lhe con,l i t i (  ' j1 uf 1rc1.i i ra1 eqr.r i l ibr irr in. -\s le-gar-cis : '  this lesuit

fo i io l -s  f  ro :n  t lLe  a l r r r l i r ' l i i on  . - , i  equ iL t ion  ( ra ) ,  $36.
i ,e t  ( { ) )  be  1 , i re  q r . l i rn i - i t ' , -o f  hcr i l  a r i r ie r l  t r r  1hc ' ln i rss  :  b1-  i t s  e rpan,

s i r , l ,  l i r c i r  { t , r - ihe  r rv i , i l l l . r l c  l . r i r rc , i i , - ' cncrg \ .  ( , I  thc  r . , - j r r - r le  s t ' s1  cnr  r i ' e

= ( ( ' )  -  , ;  'F  +  I )  , , r \ t  - !
2

: (o) -i c, { I (i-, - 1'',) d,r,

' lhc gir-cn cli:tn arc ir, ,r 'r,,
slar{c q-e finr1

l: o, : L',,, (-l

f  o r :  L " , , r ( . t

-L -

/
Po, --  f  t , \1 +

h:1. , 'e  DK - i  R

r'l, \
o ti-l-,,)

.  g / r  \o 
f{l-,r)

/  s l ,  r *
j , n r * l , n { l i x r , r .  }

\  . 1 \  l / . 1 /

I

c / ;  \ J)_-:___-_ |
" R T,,,'l

Fol the final ltagc rr.e

I-ocol i t 1,
At the 11pTlel' borrnrl-
a r y o f 2 t . . . . . . . . .

At the botnrlarl" e
bctr', een tire masses
2 '  a n d  l / . . . . . . . . .

j.rar,e

Pressure

Fn

p i :+ (Po , *?n)

I'eut j>eralure

7,,

a - '
' h :

/ r t  the base .  .  . . 'P:: t U,u, 1- f,,)

' r , t ( * r ) '

.r' ( P',1''
' h' \, pt, .l

' r , r ( * r )

t  h ! - :

0
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By reason of ecluation (za) t 'e have

(Q) : C,

C O L L E C l ' I O N S r -oL .  5 ,

K - - r ' ,  I
I  t T " - t .  )  alrt"

t l ' a  I

h :

7 o r '

h '

F'

Frot

I

in i t
I

sa l
slt(.

sei

a1',

z l

t l t ,
t h ,

lvhence

f
aK-F (R)  =- -  C, ,  I  ( r ,  -  7 " , \ r l t t r ,r La( t-, -

t . J

ln equation (5) in chapter" II, $:o, for a, the rrertical graclicnt

of tempcrature, s.ubstitute tl ie r-alrres &lCp for t ire masses I allr l t '

and,).gl@Co) (see eq. O $;O) for the i l lasses z and z'and rl 'e obtain

$(38) l lxarnple. fn orrier to malte the fictit ir.rus gas simiiar tcr
'moist 

air rve compute the values for the init ial conclit ion in a dif-

felent orct,er of succession than thet above given.

In i t ia l  s tage.  For  inass 2:  ass l lme To:  :  3o3o,  Poz:  ?60,  Pn:

Soo** mercury and seek fir:st t ite value of 71,, Ior satur'a1ect tnoist

air, that is to say, t lte ternperatr.rle that such ll ir attairrs $'l len it

expancls frotrr 3o3o attd 76o'un' to 5ooDiln 111e1'c111')'. This valr.rc lies

between z89o and z9oo.

Yite adopt Tni: ,go" and rvith it by equation (ra) cornpute ,l :

o.to47jo1 nnrl further the r-elt ical gradient of temperature in

) . g
m a s s  2  o r  a r :  - E

rvhiclt is nearllt 3.6o per
Finally rve corrprlte

'[' 
.\ d rn"

: o.oo3578c cleglee Ceutiglacle per nreter'

rooo meters.

( ' B l

)  r ' , , t t \ : r i  r - * "  . (P, , , ' i '0 , -  ? ; ,1 'n , )

j  , ' , r , , , , : :  t  ] ' '  ̂  ( ! i , ' ' 'o  -  t i i ' ; , : )

rBr
)  

7 ' ' d n ' :  
, c  i  1 - ;  

( P o ' T o '  -  P n T n " )

[ , ' ' ,0,u, =X tit.(p;r;, - t)nrn)

. To, - 
'f 

r,,
l , : -_t 

;; 
_r: : 4033.2!) meiers

Initial stage. Itor llass r rve adopt the same tenrperature at
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the base 70,  a.s  for  1r1a.ss z,  i .e . ,3o3o,  . , r l tence f r r r  the salne a l t i tu{ le
ls == 36jj.z9 meters r-e hntl 7'0, ancl po, ir"s foilorvs:

T - Qn'- ! . )  ar o t  -  u v u  I

l t  :  8638 29 ]  
Thr :  266' .9061 ?0,  :773.4023o'm meic l1rv.

Fin'al stage. For the fina1 stage $-e conlf,ute the fcrl lon'ing r-al 'es

P :  :  6SoDr rn  T r ,  :  2g7 . ro47o  7 - ; ,  :  285 .+5q jo

Po  :  766 .7o  r  r ' nm f "  :  3oz  . z  34 t "
/ r i  , :  1633.6o nreters.  h: ,  :  1995.65 r le t .ers.

Froin these ',\-e l1o\y obtain

c

)  
( 7 ' ,  -  ' 1 " , ) , l  

t t t , :

I  o'. ,  -- T'\  drt- ==
2 .

I, 
-?

L t -  _
2,

H

* -  t  ' ) l l q  A  - - -
- , - . ) t 4  t  l

" o
o

T)
J )

- l  2 .3.12; j  r ' ,  -
, 1 '  

o

L<

A 0 . t O l t t , . : :
D

B
0.53; l - {  t ,  - -

ar

19.3 ntete ls  per-  second

1 I  - .

I . ' . -

The tr** a\:erage ier:tperatrrr-es .f t ire 't.sses r anil e i, the
init ial stagc are J', i,, : e85.9" l.,n,,l 7-' i  , - z96 .9o.

I f  instear l  o f  t j re  l ic t i t i .us gas \ \ -e brr r l  ass,urc,1 r i r . i ,a i r -of .  the
same aYeragc tcr..ri;e|a.ture r'n c:harnber z ancl if i ts errtrolrl, harl becn
such that  in  the. l lna l  s tasc z ' i t  1 : r1 '  upper- l rost  s l ) t .eaf l  or .er  r /  t l ren
rve shouid ]rave conrpntecl the cor.rssponrljng iz : rg.5 nretets per
second f 'onr  i l re  approxinr : r te  for-nru la ( l )  $(rs)  Ther. ' ror .e r l re
availubie enel'gr.r is not rnur'h largel ft.rr- l ire fi,rri l iou*q gas in ciratl iber
e than for rl iv air of the sa:rre 1e1:tireratui.e.

\Vi th t l ie  zrbo 'e g i 'c 'ec l r rat ic , ' for  (Q) (see 2. ,  $36) ,  \ \ ,e  conlpute
the quant i t l .  o f  heal  cc ' innrr rn icate i l ,  per  r i r r i t  ar .ca t r f  the base of
the r., 'hole trorrgh, to l l le rlass 2 cluring its expansion

Q) Cal.i ' ies
==  o4nQ . -

B .iIIz
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If this is cl,ne to precipitation of a<lueous \iapor then it corresponels
to the con'lensation of 4 kilograms of l'atter per square meter or to
a depth of rainfall of 4*- over the r.,'h,rie area.

If irrsieaci of the fictitious gas in charnber z n-e had assumed
saturated moist air then r,r-e could har-e found the approximate
cluantity of rvater condensed anrl falling at'ay frorn it as follorvs:

By the over:turning the lorvest iayer of e changes from T'0, : 3o3o
a\td Poz 76ornn to T';, : 2gi and p'; : 63o-'". In this lorvest
layer there is init iall l . o.oz696 kg. vapor associated rvith each kilo-
gram of dry air but in the fina1 stage this is rerluced to o.ozzTt;
therefore in this layer there conclenses o.oo425 kg. rvater out of
erery r .")7 kg. of mixe,l air and saturateti vapor. The highest
layer of mass 2 does not expand and contribirtes no x-ater: rre may
assunre that the r-hoie mass z contlibutes on the aterage o.oo2r
kg. n-ater per kg. of its ox-n lnass so that the unit column gives up

10333.0  X 0 .01}21 :7 .4kg .  o f  rva ter

Because of the spread of the lnass 2 or-er the l'hole trough this
rvater, is distlibuted over doubie the oliginai base givirg 3.2**
depth rainfail in close agreement ri'itlr the value above Sivst.

X(59) Secorld, ana!15'i5. Approx.inrate rzetlrod, for the computatiott
of the aaailable leinetic energy when the chsntber r 'is flled witlt. dry
air and, chantber z zu'ith tlte fictitictts gas.

In this case all the considerations that rvere made in the analogous
' second analysis, $25, chapter III, are to be repeated excepting only

that ), is used instead of n in chambel z.
Initially the masses r and z are each in stable equilibrium n-ithin

itself ;the succession of layers rvithin each mass remains unchanged
in the overturning. Hence rve obtain P', and f', and, assuming
equal volurnes fol the trvo chambers, \ve find the follou-ing apploxi-
mate values:

r i :  r , ( t

r ' r :  r r { t

!o r - -  ? r \
' P r /

!:--ll\,P , /

O N

aE+(R) ' -

This is the sanr<
as in $25 learl lr
velocity V. \\'
fictitious gas in
temperaturc. 

'

of thc analysis.
sane no matter
gas; the am01111'
energy remaius

The contribir

ihe changt: of I

is in the ne\\' ('

since the gas < r

But c;n act'r,t
expansion (rvhi

heat of cottrlctt

DK+G)an , l

is as lar'ge as 1

Tlnrs i t  is  t l

causes t-)o i1l( i'l

to lvarlrr thr: c

$(ao) I ' lre rl

In ortler t t

+,he iufluertt c r

fictitious glts t

s11d h31's orrlr

heat is adtlcrl

air lve slrtrrrLl

variable rvil'h

260
760 ,.

I
rl
I
I
i
I
I
I
I

R
+ -, 2

A

2

o

,re*'*r!.lFf i:e!ryfryi
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' f l r i s  i s  the  sa . t - t t c  rah ic  as  l )c f ( ) fe ,  anc l  r to rv  the  sar lc  cons i r le r . ; r t i , ,ns
rLs  in  

"s : ;  
1 r - 'u r l  to  t l re  ap l ; i - r ; x i r ; ra1e fo r - l t r l l l  (1 )  t . , f  t j l a t  a i i i i ' l c  fo : -  t1 :c

ve loc i tv  I ' .  \ \ ' r :  a r : : ' i r -e  a t  thc  sa l r rc  r . r , s r r i t  as  i i  ins lear l  r , f  t l l e
r l t ' l i t i ' r rs  g l rs  i i r  t  ha l r iber :  u 'c ,  hzLc l  uscr l .  r i r t ' l , i l  r i f  i l re  su i . ] re  e \ -c r r {c
te l1 l l re ia t11 i 'e .  i ' l r c  t ' r - i l s / r1 l  rv l ; r ' t l t i s  l ia l r r .cns  is  shr , . , r 'n  L r r -  the  c ( , r1 rse
oI  thc  a i ra l r ' s is .  

' J ' i re  
i ' i ra r rgc  c , f  P ;  i  i ' , i '  t I c  " . r r . r i t  i i r . . rs -c  i cn i ; i i r s  t l i e

SAr i le r  n ( ,  rn ; r t t . r ' r ' r i " i t t ' i l t c : r  c l r l i rn l - , , t r  z  i s  ! ]  u , i  . , , , - i th  111.1-  r r i r .o r  r ' , . i l l r  t l re

1 ; a s ; i l r e  i r - 1 l l , r t 1 n f  t i r : r t  i l t e  j l t i r s s  r  l o i r t t i j , i r ' r e s  t o  t h e  a v a i l a i r l e  l i i n e . t i c
(,1ref.g\.  i ( ' i l " ,at i i js r.urchi: i lgei l .

' l ' hc  c 'on t r jbu l i r rn  c f  ; i l a rss  ?  l i l  s i l - r1 r1r ,  r ' i ra r rgc  r ;1 '1 r r t .a1 i r ,n  o r . i l r ' .  , , r

t l r q  c l l ; , 1 1 , . . ' , , , 1  p  I  I  l ' , r r ' l l r i s  l r r : r s s .  ( ' , . ' i ; i ,  i r  i s  ( ' r . f  Q . ,  - ' 1  , - , , 1  ; n . , \ .

i s  in  l lLc  1 rc - . , , ' ( ' 11sc  { i i , i ' t l t c  i l t .1 i1 i , r rs .qas)  s : t - ra i l c l i  t ' 1 , ; , t r  i ' c , ; -  r l r - r -  : i i r
s i i r ce  t l ; c  S i . .S  r  i ro ls  less  LY e- ,xJ 'aLr is i r i r  a i l , l  l i t c t -e f1 , r t '  J ' ' "  iS  l : r i -gc r - ,

B r r t  r , n  a ( ( . ( ) r 1 n t  r , i  t i r c  ( 1 c \ ' a 1 . ) l ) : t e r i :  r , f  l r c : u t  a s s , , c i ; r t e , l  u i t l r  t j r t _ .
i  xJ )a l ts i ( r1 t  ( r r l t i ch  l  e  l ra tc  j1 i11r , r l -uccr i  as  c t l r i i va le  n t  to ,  t l t c  la tcn t
i rea t  r , i  t , l r len l l r . l i r , r t )  ' i l t c . ; ' c  i s  ( r ] )  i r ,  i ; c  a r l , i r ; , -1  t t ,  ihe  ex i , rcss i , , i i
A  K  i  (F - l  a l rd  f ' l ' the  f i r ' t i t i . rus  gas  1hc  c r l , r ' cs5 i , - ,1 i

*- 7' ") J nt,

i s  as  la r ' : : -c  as  t i rc  se t 'on t1  tcnr i  r r l c ,nc  \ \ ' { . )u l (1  1 ,c ,  f r r i :  r l r '1 '  .1 ' ' .

T i r t r s  i t  i s  t h a t  t h c  a r l r i i t i r r n  r i f  l r e l L t  l r v  l i r . t u c  ( ) {  t i t e  e x 1 , a n s i , , n
ce l l scs  no  i r rc r -c .asc  in  r l ie  a r ' ; r i l a l - , le  i . ; i r re l i r . r . i re lg \ - ,  bu t  ser . r 'es  r ;nJv
to  l - lL i ' i n  t l re  cxp i r l c . l ing  l l tass  c , r '  to  < l in r in is i r  i t s  cc ro l i i i g ,

5i(ao) 7-l ic dt i i t ' retrcc l . , i ! ,Lct rr.  l l rc f  t l i t iotts .{ tr .s o/r i l  l l t t '  ut, t ist air.

] i r  o r , le i  t '  s in r t , l i f '  t l re  ana l - i -s is  rLnr l  in . , ' cs l iga te  s t  J rx lx ls l ;
l .he  i l f l . . rence r - , f  t l t c  la tc r r t ,  j te r t  c , f  r - ' c ,1 r ' l c ,nsu . t i t ' n  r ' , -c  hnr -c  g i r -eu  the
f ic t i t io r :s  g , rs  th i r t  l ras  rc i , la ' - ' c , l  i t r r , i s l  a i r -  t l r c  Pror ' t - r - t ; i . s  o f  r l t r -  e i r -
: rn r l  l ra le  r . r r r l v  j : r t t ' r r r lu (  c i ' l  t i i ( )  r ' r ; r r r i i i ' i r ,n  t l r r  j_  i t  s ju r l l  r ' \ l ra r r r l  r r . l r cn
] rca t  i s  a r l t l c , r l  .  I r r , , lL r1er  t l r i i t  i t ' n t ig l r t  11) , ' r lg  16 ' ;11-11 . r .osc i l i , r i cnro is l
l l j r  r t  r :  sl iort l i . l  l tal t :  l i isr i  l r :rsrrntrrr l  i ts , lcnsit . ,-  stni.r l lc l  and i is -I l  to t ie
var ia l , '1c  r l i t l r  i t s  c , ,n11 i t i r , r i .
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The fictitious gas cal1flot replace moist air in everyrespect. The
proof that the condensation has no influence on the available kinetic
energy, does not exclude the possibility that the proximity of
masses of relatively dry air and moist air should favor the origina-
tion of a storm.

Since tire available kinetic energy of the system is derivecl frorn
the buoyancy, therefore any climinution of density by reason of
the vapor content of a mass of air o1:erates like an increase of tem-
peratule. A particle of the fictitious gas remains in stable equilib-
rium in dry air, if it has the same temperature as the sulrounding
air ,and if the vertical temperature gradient in that air is smaller
than ) g/ R. A particle of saturated moist air, having the same
exponential factor,l [tvould not be in stable or neutral equilibrium
but unstable and] r-ould rise because of its smalier densit1..

In the exa.mple of the first analvsis $38, if insiead of thefictitious
gas 1re had usecl saturated moist air of the sarne tenrperature and
p1'es$1re, then for the aititudes o and h its densities rvould irave
been respectivell' equai to that of dry air at lor:3o7.8o and 20, :

?6o'- mercury and that of dly air at Ton: 293.20 ancT poo:sco*'
merc11ry. This 3o7.80 con'esponds to a dif{erence of 70, - To, : t.8o

,from the value 7or : 3o3.oo as there adopteci and a differenro of

3.zo fromthe value Tn :rgoo there computed for the altitude lt or a
difierence of 4.o" frorn the average temperature of the whoiemass
of"z. [rvhen it is conrposed of saturated air instead of the fictitous

b"t]. Therefole for these two cases the available kinetic energ-v
is in the ratio r5/rr and the velocities V are larger than in the
fictitious gas in the ratio r,t7 lt. Or, if rve reqrrire the velocitl' I/
to be the same as before, then rre need a srrraller difference of tem-
perature betrteen dry and moist air, r ' i2., about 80 instead of rro.
A11 this relates to the unusual high temperatures of our examr;ies:
for lorver temperatures the influence of the moisture on the densitl'
uill be still smaller.

$(ar) The kinetic energy of a mass of air is derived from its
internal energy and from tire rvork done by the force of gravitl'.
In the case of a continuous distribution of density the importance
of gravity in the production of great velocities can be concealed,
rvhence we derive the very common belief that the horizontal
'gradient 

of pressure produces the storrn. But it is norv dernon-
strated that, even l'hen the clistribution of pressure at the base is

as observed in storms still the horizontal movements of the masses
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har, 'c  a prr tent in l  € ! rerg) ' i i ra t  js  onlv  a smai l  f ract ion o[  the obi :erve( i
kinetic erler:g). So tiu'a:^ I can sec ti le s(j1r1'( 'c of stc-,i-ms is to be
sorrght on1;r i1-t 1-l ic poteruti;r1 etrct'gy of lrrrsil ir.,t l  . -\ s1-stcrl ir l rthic' ir
the iriasses arer dishrrhe,i veltjcall i '  from eclr.ri l ibi iurn can coirLairi
thc ne,.--cssary putcnriai cn€)rgy. I{ence, thelc.ior-e, t l ie strirm ivinds
der.e1o1; by lea:.r,ri of the vclocity,:1ue to r1e:;cent and thai c-it ie to
brror-ancy, notrvit,hsiancling the fac t t irat t l ie:;e eva,ie attenticn
b(:l iruse of the .lalge hcrizontai ancl snrall vei't i(:a1 climeirsions of
the storm arca. The lrorizcintal cl. istl ibution of presslire airjrears
as  a  1 i -aus la l i , , n  ( , f  t l r c  t l r i l i ng  l o \ ' , c r  o i  t l i c  s to l i n ;  b . r : neans  c i i
i t  c  r r n r . l i ^ t r  ^ f  r h a  r t r r s q  r . r r r  r i t r r i l t  ( r i . t r 1 1 a ' . . - , . 1 , , r . i r r -  ! 1  , , - r  } ' ' -  c ; n t t , l FI t  d  l r r  / r  ( l l , l l  u !  r i l u  l L r ( r . . . r  ' .  E - j 1 J \  t L - v  r l r ( t l t  r J - )  - r r t 1 l  r -

ascent in the,coldest or rlescent irr t i-re \r-arnlest portioil of t i ie
stolrn area. l{ere u-e come into tire prcs,-:ri, e of irrollelns that
cirnlrot be soh'c'1 b1- a simitle corlsirlr 'r 'a'Lir-,n oi t lte cneig)- ak,ne.
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